Introduction
Since the works of Perrakis and Ryan (1984) , Ritchken (1985) , and Levy (1985) on option bounds, there has been good progress in this area. Ritchken and Kuo (1989) derived the nth order stochastic dominance option bounds. They also made good efforts on the DARA option bounds. 1 Basso and Pianca (1997) continued the work on the DARA option bounds while Mathur and Ritchken (2000) finally obtained the result. Mathur and Ritchken found that the lower DARA {DRRA} option bound is given by a pricing representative investor who has CARA {CRRA} while the upper bound is the same as the nth order stochastic dominance option bound. 2 Huang (2004) derived option bounds assuming the pricing representative investor has bounded relative risk aversion.
To further improve stochastic dominance option bounds Ryan (2003) suggested to use observed option prices. Ryan tightened the second stochastic dominance bounds by using one observed option price at a time. Huang (2004b) used a new method to further improve second order stochastic dominance option bounds using more than one observed prices of options and discussed the second order arbitrage opportunities in the markets of concurrently expiring options. The method was presented by Huang (2004a) to deal with option bound problems, which takes the advantage of the distinctive feature of options' payoff 1 DARA {DRRA} denotes decreasing absolute {relative} risk aversion.
2 CARA {CRRA} denotes constant absolute {relative} risk aversion. In this paper we also use this method to improve the results on DARA {DRRA} option bounds by using observed prices of concurrently expiring options. We derive DARA (DRRA) option bounds from observed concurrently expiring options. We show that given the prices of a unit zero-coupon bond, the underlying stock, and n concurrently expiring options, the DARA {DRRA} option bound is given by a (pricing) representative investor who has piecewise CARA {CRRA}. 3 We also derive option bounds from concurrently expiring options assuming the (pricing) representative investor has decreasing and bounded absolute {relative} risk aversion. In this case assuming the representative investor's absolute (relative) risk aversion is bounded above and below, given n observed options, the upper (lower) option bound is given by a (pricing) representative investor who has (n + 2)-segmented piecewise constant absolute {relative} risk aversion.
This paper is also related to the important works by Cochrane and Saa- 4 pricing kernel from a benchmark pricing kernel.
The structure of the paper is as follows: In Section 1 we introduce the assumptions. In Section 2 we deal with the case where there is one observed option. In Section 3 we deal with the case where there are two observed options.
In Section 4 we deal with the general case where there are n observed options.
The final section concludes the paper.
The DARA {DRRA} Assumption
We assume that there is only one share of a stock in an economy on which option contracts are written. The price of the stock at time t is denoted by S t . Let u(x) be the pricing representative investor's utility function. As is well known, the pricing kernel for the contingent claims on the stock is equal to the discounted marginal utility of wealth of the pricing representative investor. 4 That is
where φ(S t ) denotes the pricing kernel and B 0 is the time 0 value of a unit zero coupon bond.
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Thus we have
Denote time t value of a contingent claim by c(S t ), which is dependent on S t ; denote its time 0 value by c 0 . Then we have c 0 = B 0 E(φ(S t )c(S t )), which is 4 See, for example, Rubinstein (1976) , Brennan (1979) , and Benninga and Mayshar (2000). 5 As there is only one share of the stock the pricing representative investor's wealth is equal to the stock price S.
obviously dependent on S 0 .
It is generally accepted that investors have decreasing absolute risk aversion or DARA. This implies
where R(S t ) = −u (S t )/u (S t ) is the pricing representative investor's absolute risk aversion.
Many people also believe that investors have decreasing relative risk aversion or DRRA. This implies
where γ(S t ) = SR(S t ) is the pricing representative investor's relative absolute risk aversion.
Note we also have R(S t ) = −φ (S t )/φ(S t ) and γ(S t ) = −Sφ (S t )/φ(S t ).
In this paper we are going to derive option bounds under the DARA {DRRA} assumption. To do this we first solve a similar but more general problem in which we assume that the representative investor's absolute/relative risk aversion is not only decreasing but also bounded from below and above. We will show in this paper that under this condition, the option bounds are given by a pricing representative investor who has piecewise constant absolute/relative risk aversion, where the number of segments of the risk aversion depends on the number of observed option prices.
Moreover, we will see that for an even number of observed option prices the risk aversion of the pricing representative investor who gives the option bounds has a certain pattern while for an odd number of observed option prices the risk Before we proceed we first make an explanation on the way we present our results. Note we find that the cases of DARA and DRRA can be dealt with in the same way. Thus for brevity we present the results on DARA and DRRA in a unified way. When doing so, anything corresponding to DRRA (which is parallel to something corresponding to DARA) is put in brackets "{}".
With One Observed Option
Assume that the pricing representative investor's absolute {relative} risk aversion is decreasing and bounded above by R {γ} and below by R {γ}. Assume we know the current value of the unit zero coupon bond B 0 and the spot stock price S 0 . We now derive the option bounds. Before we proceed, we first introduce two lemmas. 
Lemma 1 (FSS (1999))
who has two-segmented piecewise constant absolute {relative} risk aversion. More precisely,
where a, R * {γ * }, and s
• The lower (upper) bound for an option with a strike price above K is given by the pricing kernel φ * *
Proof: From Lemma 2 we need only prove that the true pricing kernel intersects
exactly three times and then examine which one has a fatter left tail.
We first examine φ risk aversion is decreasing. Assume the prices of a unit zero-coupon bond, the underlying stock, and an option on the stock with strike price K are B 0 , S 0 , and c K0 respectively.
Then the upper bound for options with strike prices below K is given by
the pricing kernel ϕ * *
where p(S t ) is the probability density function, δ(S t ) is the Dirac function, and a, b, and R * * {γ * * } are decided such that E(ϕ * * 1 (S t )) = 1,
• • The lower bound for options with strike prices below K is given by the pricing kernel
where a, s * , and
• The lower (upper) bound for options with strike prices above K is given by the pricing kernel ϕ * *
Proof: Let R → +∞ and R → 0 {γ → +∞ and γ → 0}; applying Proposition 1, we immediately obtain the result. Q.E.D. 
With Two Observed Options
where a, s * * 1 , s * * 1 , and R * * {γ * * } are decided such that E(φ * * 2 (x)) = 1,
• 
• The lower (upper) bound for options with strike prices between K 1 and K 2 is given by the pricing kernel φ * 2 (S t ) (φ * * 2 (S t )).
Proof: From Lemma 3 we need only prove that the true pricing kernel intersects φ * * 2 (x) or φ * 2 (x) exactly four times and then examine which one has a fatter left tail.
We first examine φ * * 2 (x). Note its corresponding pricing representative investor has three-segmented piecewise constant absolute {relative} risk aversion.
More precisely, his absolute {relative} risk aversion is equal to R {γ} for S t < s * * 1 , and R * * {γ * * } for S t ∈ (s * * 1 , s * * 2 ), and R {γ} for S t > s * * 2 . Obviously we must have R * * ∈ (R, R) {γ * * ∈ (γ, γ)}. Otherwise the true pricing kernel will intersect φ * * 2 at most three times. In this case, applying Lemma 2, we find that the two pricing kernels cannot give the same two observed option 
• • The lower bound for options with strike prices below
given by the pricing kernel ϕ * 2 (x) = φ * 2 (x).
• The lower (upper) bound for options with strike prices between K 1 and K 2 is given by the pricing kernel ϕ * * 2 (S t ) (ϕ * 2 (S t )).
Proof: Let R → +∞ and R → 0 {γ → +∞ and γ → 0}; applying Proposition 2, we immediately obtain the result. Q.E.D. respectively, where
The General Case
• Assume n is odd. Let m = (n + 1)/2.
-Then the upper bound for options with strike prices between (K 2i−2 , 
...... 
.., n.
-The lower (upper) bound for options with strike prices between
.., is given by the pricing kernel φ * * n (S t ) (φ * n (S t )).
• Assume n is even. Let m = n/2.
-Then the upper bound for options with strike prices between (K 2i−2 , such that E(φ * * n (S t )) = 1, E(S t φ * * n (S t ))B 0 = S 0 , and E(c i (S t )φ * * n (S t )) B 0 = c i0 , i = 1, 2, ..., n. 
-The lower bound for options with strike prices between
-The lower (upper) bound for options with strike prices between (K 2i−1 ,
Proof: From Lemma 4 we need only prove that the true pricing kernel intersects φ * * n (x) or φ * n (x) exactly (n + 2) times and then examine which one has a fatter left tail.
We first examine φ * * n (x). Note its corresponding to the pricing representative investor who has (m+1)-segmented piecewise constant absolute {relative} risk aversion. More precisely, his absolute {relative} risk aversion is equal to
Otherwise the true pricing kernel will intersect φ * * n at most three times. In this case, applying Lemma 4, we find that the two pricing kernels cannot give the same n observed option prices. From this, we can immediately conclude that the true pricing kernel intersects φ * * n exactly n + 2 times. It is not difficult to verify that φ * * n has fatter left tail. For φ * n (x) the proof is similar.
Q.E.D. 
• Assume n is odd. Let m = (n + 1)/2. such that E(ϕ * * n (x)) = 1, E(S t ϕ * * n (S t ))B 0 = S 0 , and E(c i (S t )ϕ * * n (S t ))
-The lower bound for options with strike prices between
......
.., and R * m {γ * m } are decided such that
.., is given by the pricing kernel ϕ * * n (S t ) (ϕ * n (S t )).
-Then the upper bound for options with strike prices between (K 2i−2 , such that E(ϕ * * n (S t )) = 1, E(S t ϕ * * n (S t ))B 0 = S 0 , and E(c i (S t )ϕ * * n (S t )) B 0 = c i0 , i = 1, 2, ..., n.
-The lower bound for options with strike prices between (K 2i−2 , K 2i−1 ), such that E(ϕ * n (x)) = 1, E(S t ϕ * n (S t ))B 0 = S 0 , and E(c i (S t )ϕ * n (S t )) B 0 = c i0 , i = 1, 2, ..., n.
-The lower (upper) bound for options with strike prices between (K 2i−1 , K 2i ), i = 1, 2, ..., is given by the pricing kernel ϕ * * n (S t ) (ϕ * n (S t )).
Proof: Let R → +∞ and R → 0 {γ → +∞ and γ → 0}; applying Proposition 3, we immediately obtain the result. Q.E.D.
Conclusions
In this paper we have derived DARA {DRRA} option bounds from concurrently expiring options. We show that these bounds are given by the pricing representative investors who have piecewise CARA {CRRA}.
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It has been generally accepted that investors have DARA. Some empirical findings also suggest that the pricing representative investor may have DRRA.
Thus the DARA and DRRA option bounds are practically meaningful.
The results have important implications for arbitrage opportunities in the markets of concurrently expiring options. If the option bounds derived in this paper are violated then we can construct an arbitrage portfolio to take the advantage.
Since this paper reveals the relationship between option pricing bounds and the bounds of risk aversion of the pricing representative investor, it also presents a potential method for backing out some characteristics of investors' utility functions.
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